The impact of rotational-vibrational dynamics of molecules on the molecular partition functions, law of mass action and thermodynamic functions of partially dissociated diatomic gases is discussed. A group of 11 gases, expected to have their partition functions the most sensitive to the molecular rotational-vibrational properties, is selected for rigorous and detailed studies, and the partition functions, dissociation degrees and free energies of the gases are calculated ͑using various models of molecular rotational-vibrational dynamics͒ and compared in a broad range of temperature and particle density.
I. INTRODUCTION
The law of mass action and thermodynamic functions of partially dissociated gases is defined in terms of the translational, electronic, rotational, vibrational and nuclear spin partition functions, which are associated with the translational, electronic, rotational, vibrational and nuclear spin properties, respectively, of the gas molecules. Calculations of the atomic and molecular translational and nuclear spin partition functions are straightforward and accurate. The electronic partition functions of most atoms and atomic ions common in gas applications can also be calculated with a high degree of accuracy since reliable atomic electronic levels and their degeneracies are available in the literature. The situation is more complicated in the case of the molecular electronic partition functions because energies of higher electronic levels of many molecules are either not known or their accuracy is poor. However, the temperatures of the molecular gases which are partially dissociated are usually well below 10 000°so that only a very small number of the electronic states typically have to be considered in calculations of the molecular electronic partition functions.
Calculation of the molecular rotational-vibrational partition functions is the most difficult aspect of the applied statistical mechanics of gases. The functions depend on the assumed model of the molecular rotational and vibrational motion, which in turn depend on the molecular internuclear potentials. In the past, the available ab initio and RydbergKlein-Rees ͑RKR͒ intramolecular potentials were often unreliable ͑especially in excited molecules͒, and as a result, it was frequently impossible to determine the accuracy of the existing models of the molecular rotational-vibrational motion. Therefore, reliable studies of the dependence of the partition functions on the model of the molecular rotationalvibrational motion were not available in the past. In recent years, the computational and experimental methods of investigating the molecular intramolecular potentials have greatly improved and many of the potentials can now be accurately calculated in a relatively broad range of the internuclear distance. This allows us to verify the existing models of the molecular rotational-vibrational dynamics, and subsequently, to perform detailed and rigorous statisticalmechanical analysis of the thermal properties of many molecular gases. One such analysis was recently done by Liu et al. 1 who investigated in great detail the partition functions of one molecular gas ͑nitrogen͒ in a broad range of the gas temperature and density. They found that in most practical applications where the gas dissociation degree was not large ͑that is, when the collisions involving molecules were still important and the gas temperature was typically below 10 000°), the moderately and highly excited rotationalvibrational levels of the nitrogen molecule had negligible impact on the gas partition functions and, consequently, on the gas dissociation degree and its thermodynamic functions such as enthalpy, specific heats, etc.
In this paper we study the rotational-vibrational properties of several dozens of partially dissociated diatomic gases close to local thermal equilibrium, and select a final group of 11 gases which are expected to have strong dependence of their partition functions on the molecular rotationalvibrational motion. ͑The thermal properties of gases close to local thermal equilibrium are of importance in many areas of plasma processing, combustion, astrophysics, and atmospheric and environmental studies.͒ These 11 gases are studied in great detail, using statistical mechanics, in order to determine the impact of the molecular rotational-vibrational dynamics on the gas composition and thermodynamic functions. The impact is demonstrated by calculating and comparing the dissociation degrees and free energies of the gases in a broad range of temperature and particle density, assuming three different models of the molecular rotationalvibrational dynamics: ͑1͒ the rotating harmonic oscillator ͑the simplest model͒, ͑2͒ the rotating Morse oscillator ͑the most popular model͒, and ͑3͒ the rotating Tietz-Hua oscillator 2-5 ͑the most accurate model͒. The present work consists of two parts. In the first part we study molecular properties of several dozens of diatomic molecules and select a group of eleven diatomic gases (H 2 , Li 2 , Na 2 , K 2 , Cs 2 , I 2 , NO, ICl, KI, NaCs and HgI͒ which represent a very broad range of molecular spectroscopic constants and which are expected to be the most sensitive to the model of molecular rotational-vibrational dynamics. In the second part of the work, we calculate ͑using the rigorous formalism of Refs. 6 and 7͒ and compare the total partition functions, dissociation degrees and free energies of the 11 gases selected for final considerations.
II. ROTATIONAL-VIBRATIONAL EIGENVALUES
The spectroscopic constants of the considered molecules were taken from Refs. 8 and 9. The RKR data for the intramolecular potentials were taken from Ref. 16 Due to lack of RKR and ab initio data on the intramolecular potential of the ground electronic state of the KI molecule ͑the potential is known only in the region of its minimum 17, 18 ͒, we approximated the Tietz-Hua and Morse intramolecular potentials of the molecule by a truncated Rittner potential 19 ͑the latter potential is one of the most accurate model potentials for the ionic bonds of the alkali halides molecules 20 ͒. In the case of the two upper electronic states of ICl, we approximated the bottom part of each of the potentials by the potential of the harmonic oscillator; such a procedure allows one to obtain the vibrational constant e , and ͑through the Birge-Sponer relationship͒ the molecular anharmonicity constant e x e ͑both constants are not available in the literature͒.
The effective internuclear potentials of the considered molecules in the ith electronic state can be written as
where R is the internuclear distance, U V (i) (R) is the vibrational part of the potential and U J (i) (R) is the rotational part of the potential. The vibrational part is: ͑a͒ harmonic oscillator:
where k (i) is the molecular force constant; ͑b͒ Morse oscillator:
and ͑c͒ Tietz-Hua oscillator:
where The rotational ͑centrifugal͒ part of the molecular internuclear potential in each considered molecular model is taken as
where is the reduced mass of the molecule, L ϭបͱJ(Jϩ1) is the angular momentum of the rotating molecule, and J is the molecular rotational quantum number. An exact solution of the Schrödinger equation for the potential, Eq. ͑2͒, gives the following rotational-vibrational energies of the rotating harmonic oscillator:
where v is the molecular vibrational quantum number, and e (i) and B e (i) are the vibrational constant and the first rotational constant, respectively, of the molecular ith electronic state.
The molecular rotational-vibrational energies resulting from an approximate series solution of the Schrödinger equation for the rotating Morse oscillator are:
and an approximate solution of the Schrödinger equation for the rotating Tietz-Hua oscillator is
where
and where e x e (i) and D e (i) are the anharmonic constant and the second rotational constant, respectively, of the molecular ith electronic state.
Equation ͑8͒ is a truncated series expansion solution of the Schrödinger equation for the rotating Morse oscillator. 21 Even though more accurate ͑higher-order͒ expansions of the solution have been discussed in the literature, the expression, Eq. ͑8͒, remains the most common in applications because of its simplicity, high accuracy for low rotational-vibrational levels, and because of a lack of reliable spectroscopic constants associated with the higher terms in the higher-order expansions. In molecules with moderate and large values of the rotational and vibrational quantum numbers, the energy equation ͑8͒ becomes inaccurate. Then, much more reliable values of the higher rotational-vibrational levels can be obtained from Eq. ͑9͒ ͑see discussions in Refs. 2 and 3͒.
III. THERMODYNAMIC FUNCTIONS
Thermodynamic functions ͑enthalpy, specific heats, etc.͒ of each gas component of a gas mixture containing atoms X, Y and molecules XY ͑or atoms X and molecules X 2 in the case of a homonuclear diatomic gas͒ in a partially dissociated gas can be obtained from the component's four primary thermodynamic parameters ͑temperature T, pressure p, volume V and entropy S) and its two primary thermodynamic potentials ͑internal energy E and free energy F). The entropy, internal energy, and free energy of the sth gas component of the mixture can be given, respectively, as
and
where the derivatives are taken at constant volume V, N s is the molecular ͑atomic͒ density of the sth gas component, and Q s is the total partition function of the molecules ͑atoms͒ of the sth component. The specific entropy ŝ , specific internal energy ê , and specific free energy f of a partially dissociated diatomic gas can be given as: ͑a͒ homonuclear gas:
͑b͒ heteronuclear gas:
where c X , c X Ј , c X 2 , c Y Ј and c XY are the corresponding mass fractions of the gas,
͑23͒
with ␣ and N A ͑or N A Ј ) being the dissociation degree and the ͑constant͒ total number of atoms ͑both free and bound in molecules͒ in the considered gas, respectively.
IV. PARTITION FUNCTIONS

A. Atomic partition functions
The atomic partition functions are calculated in the way discussed in Refs. 6 and 7. The total atomic partition function Z is the product of the atomic translational partition function Z tr , the atomic electronic partition function Z el , and the atomic nuclear-spin partition function Z n (l) ͑for the lth atomic isotope͒
where V is the volume of the gas, h is Planck's constant, k is the Boltzmann constant, m is the atomic mass, ⑀ i and g i are the energy and electronic degeneracy, respectively, of the ith atomic level, i m is the number of the atomic levels, and I n (l) is the spin quantum number of the atomic nucleus of the isotope ͑values of I n (l) used in this paper are listed in Tables  I-IV͒. B. Molecular partition functions
Rotating Morse and Tietz-Hua oscillators
The molecular partition functions are calculated using the same general formalism as that discussed in Refs. 6 and 7.
The total molecular partition function Q tot can be written as
where Q tr and Q in are the molecular translational and internal partition functions, respectively.
The translational partition function Q tr is given by an expression similar to that for the partition function Z tr ͓see relationship ͑24͔͒ with m now replaced by the molecular mass (2m or m X ϩm Y ).
The molecular internal partition function is given by
where ⑀ (i,v,J) is the energy of the (i,v,J)th molecular level ͑in cm Ϫ1 ), c is the speed of light, is a symmetry factor ͑equal to two for homonuclear and equal to one for hetero- nuclear molecules͒, i m is the number of the molecular electronic levels, J max (i) and v max (i,J) are the maximum values of the accessible rotational and vibrational quantum numbers, respectively, and I n (l) and I n (k) are the spin quantum numbers of the molecular nuclei. ͑The quantum number J max (i) for a given electronic state is limited by the value of the molecular dissociation energy for the state.͒ The energies ⑀ (i,v,J) are given in Eqs. ͑7͒ ͑the rotating harmonic oscillator͒, ͑8͒ ͑the rotating Morse oscillator͒ and ͑9͒ ͑the rotating Tietz-Hua oscillator͒. In order to obtain values of the quantum numbers v max
and J max (i) for the rotating Morse oscillator, we use the obvious relationship,
and where R J (i) is the internuclear distance of the rotationally-vibrationally excited molecule, at which the molecule dissociates, and R * (i) is the equilibrium internuclear distance of the rotationally excited molecule. Subsequently, the distance R J (i) is found from the numerical solution of the following equation:
An approximate analytical solution of Eq. ͑29͒ can be obtained using the assumption ͑valid in many diatomic molecules͒ that ␤ (i) (R J (i) ϪR e (i) )Ͼ3. Then, the second exponential function in Eq. ͑29͒ can be neglected and the equation reduces to:
Relationship ͑30͒ can be rewritten as
where sϭ3Ϫ p. In the range of the constants ␤ (i) and R e (i) considered in this paper, the values of the expression ( (i) ) p exp(Ϫ (i) ) are close to P d Ϸ1700. Subsequently, one can write
The equilibrium position of the rotationally excited molecule is given by
with
From Eqs. ͑8͒, ͑27͒ and ͑28͒, one has 
which allows one to derive the values for v max (i,J) ͑as a function
ϭ0), respectively. ͓Equation ͑38͒ has poor accuracy in the case of the KI molecule because the truncated Rittner 19 ionic bond potential cannot be approximated very accurately ͑see Tables I-IV. 
Rotating harmonic oscillator
The total molecular partition function of the rotating harmonic oscillator can be written as
where the translational (Q tr h ) and electronic (Q el h ) partition functions are calculated in the usual way. The nuclear spin partition function Q n h is
and the rotational partition function of the oscillator is
where the last approximation should not be applied to hydrogen gas at temperatures below 900 K because the rotational temperature of the gas is 88 K.
The vibrational partition function of the oscillator is
Ϫhc e ͑i͒ /kT . ͑44͒
V. DISSOCIATION DEGREE
In the case of diatomic gases, the law of mass action reduces to: ͑a͒ homonuclear gas:
͑45͒
where n A ϭN A /V is the particle density of the X atoms, N A is the total number of X atoms ͑both free and bound in molecules͒ in the gas, is the reduced mass of the molecule X 2 , Q int is the molecular internal partition function, D (iϭ1) is the dissociation energy of the X 2 molecule in the ground electronic-rotational-vibrational state and the partition functions (Z) X and (Q tot ) X 2 are given by Eqs. ͑24͒ and ͑25͒, respectively. The gas dissociation degree is defined by
where N X and N X 2 are numbers of atoms X and molecules X 2 in the gas, respectively, A simple approximate expression for ␣ can be obtained from
is a weak function of the gas temperature, so often it can be assumed to be constant in practical applications. The constant values of n d for several gases are given in Table V . ͑b͒ heteronuclear gas:
The mass action law for mixture of X and Y atoms and XY molecules leads to:
and N X T and N Y T are total numbers of the X and Y atoms ͑free and bound in molecules͒, respectively.
An approximate expression, similar to Eq. ͑48͒, for the dissociation degree of an heteronuclear gas is
which is also a weak function of temperature. Approximate ͑constant͒ values of n d Ј for several gases are shown in Table   VI .
VI. FREE ENERGY
According to expressions ͑18͒, ͑19͒ and ͑20͒, the specific free energy ͑that is, the value of the free energy per unit volume͒ of a diatomic gas is: ͑a͒ homonuclear gas: 
where R X and R X 2 are the gas constants for the atomic and molecular components, respectively,
; ͑59͒ ͑b͒ heteronuclear gas:
. ͑63͒
VII. RESULTS AND DISCUSSION
The main conclusion of this work is that the internal partition functions of partially dissociated diatomic gases are weakly dependent on the molecular model of the rotationalvibrational motion, and that the model of the rotating harmonic oscillator ͑with the highest rotational-vibrational level being close to the molecular dissociation energy͒ is quite appropriate to use in statistical-mechanical studies of the gases close to local thermal equilibrium. This can be seen in Figs. 1-4 where the internal partition functions of several discussed molecules ͑representing a broad range of rotational-vibrational properties͒ are shown together with the values of the particle density and temperature at which the gases are almost completely dissociated. ͑One should re- member when viewing Figs. 1-4 that some of the discussed substances may not be in the gaseous phase at certain temperatures and densities.͒ It seems that the above conclusion also includes gases of diatomic molecules with ionic bonds even though the calculations of the internal partition functions of such molecules have an accuracy which is expected to be worse than the accuracy of calculations similar to the diatomic molecules with covalent bonds. This is because the approximation of the Rittner potential by the rotating Morse oscillator is more of a crude necessity than an accurate physical picture of the intramolecular dynamics of the molecules with ionic bonds. The substantial difference between ⌬U TH and ⌬U M ͑see Table IV and discussions in Refs. 2-3͒ clearly indicates that the Tietz-Hua potential is a much better approximation to the truncated Rittner potential than the Morse potential. However, the accuracy of the replacement of the Rittner potential of the KI molecule by the Tietz-Hua potential cannot be precisely established in the entire range of the interaction distance because neither ab initio nor RKR data for the intramolecular potentials of the ionic-bond molecules exist in the literature. ͑This is the reason why the partition function of the KI molecule treated as the rotating Morse oscillator is not shown in Fig. 4 .͒ The calculated partition functions of the ionic molecules discussed 24 ͑KI, KBr, CsCl, CsI, etc.͒ represented by the rotating Tietz-Hua potential are close to the molecule partition functions obtained here from the model of the rotating harmonic oscillator. This is in support of our inclusion of the molecules with ionic bonds in our statement that the impact of the model of the molecular rotational-vibrational dynamics on the partition functions of partially dissociated diatomic gases is small ͑less than 10%͒ and that, for practical purposes, the partition functions in such gases can be calculated using the rotating harmonic oscillator as the model of molecular rotational-vibrational motion.
The usefulness of the rotating harmonic oscillator for statistical-mechanical studies of thermodynamic properties of partially dissociated diatomic gases results from the relationship between the molecular anharmonicity and the molecular vibrational eigenvalues. At low vibrational quantum numbers, the impact of the anharmonicity can be neglected in all common models of molecular vibrational dynamics. However, at moderate and high vibrational quantum numbers the vibrational eigenvalues obtained from the ͑different͒ models differ from one another. In addition, all reasonable models of the anharmonic oscillators ͑such as the Morse and Tietz-Hua oscillators͒ have more vibrational levels between the molecular vibrational ground state and its dissociation continuum than the corresponding harmonic oscillators. ͑This is caused by the fact that the molecular anharmonicity always decreases vibrational energy of the molecule͒. Thus, the density of the moderately and highly excited vibrational states is higher in an anharmonic oscillator than in the cor- responding harmonic oscillator. Therefore, molecular anharmonicity increases the reliability of the assumption that the molecular states with moderate and high quantum numbers v have continuum distribution of their vibrational energies. ͓Since statistical weights of harmonic and anharmonic levels are the same ͑one͒ they do not impact the reliability͔. This is true even in the H 2 molecule in the ground electronic state where the anharmonicity is large and the energy gaps between the upper vibrational levels are also ͑relatively͒ large. However, the excitation energies of these upper levels are too high for the levels to have a meaningful effect on the rotational-vibrational partition functions of partially dissociated hydrogen gas. This can be seen in Figs. 3, 7 and 12 where the partition functions, dissociation degree and free energy of partially dissociated hydrogen gas are shown as functions of the gas temperature and particle density. Although thermal properties of the gas depend somewhat on the model of the rotational-vibrational dynamics of the H 2 molecules, the dependence is rather weak as long as the gas is partially dissociated. Therefore, one can say that the rotating harmonic oscillator can also be used in practical studies of thermal properties of partially dissociated gases with large values of spectroscopic constants e and e x e . ͑However, one should be aware of the remark following Eq. ͑43͒ when the temperatures of such gases are low.͒ Dissociation degrees of several discussed gases, calculated assuming different models of molecular dynamics, are shown in Figs. 5-7. The same trend is seen in all the cases considered: as the gas density increases, the gas dissociation degrees predicted by the rotating harmonic oscillator, the rotating Morse oscillator and the rotating Tietz-Hua oscillator models start to differ slightly but the differences are always less than 10% if the gas remains partially dissociated. Tables V and VI, respectively. The range of gas temperature where the constancy of these values can be assumed is: Tу2000 K (H 2 , Li 2 , Na 2 , I 2 , NO, ICl͒ and Tу1000 K (K 2 , Cs 2 , NaCs, HgI͒. As can be seen in Figs. 10-12 , the agreement of the calculated free energies of several selected gases for the three models of the rotating oscillators ͑harmonic, Morse's and Tietz-Hua's͒ is within a few percent in the entire range of temperature and density considered as long as the gas remains partially dissociated. 11 . The specific free energy f of ICl gas. The meaning of the symbols is the same as in Fig. 10 ; the solid, dashed and dashed-dot lines overlap. NaCs, and HgI gases which are not shown in the figures.͒ Thus, one can say that the rotating harmonic oscillator is an acceptable model of molecular rotational-vibrational dynamics in statistical-mechanical calculations of degrees of dissociation and thermodynamic functions of partially dissociated gases close to local thermal equilibrium. Values of some thermodynamic functions for some gases discussed here were tabulated, in limited ranges of particle density and ͑mainly low and moderate͒ temperature, in Refs. 28-31. They agree well ͑typically within 10%͒ with the corresponding values of the functions obtained in the present work: the small differences result from the variations in the spectroscopic constants, values and numbers of the molecular levels and dissociation energies considered that were used by different authors.
